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Abstract
In the present paper, we study the integrable 2-layer generalized
Heisenberg ferromagnet equation (HFE). The relation between this
generalized HFE and differential geometry of curves is established.
Using this relation we found the geometrical equivalent counterpart
of the 2-layer spin system which is the 2-component KdV equation.
Finally, the gauge equivalence between these equations is established.
1 Introduction
The Heisenberg ferromagnet equation (HFE)
At = A ∧Axx, (1)
is one of basic fundamental nonlinear differential equations integrable by in-
verse scattering transform (IST) method [1] (see also Refs. [2]-[17] and refer-
ences therein). Above, A = (A1, A2, A3) is a unit spin vector. As well-known,
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the HFE is geometrically and gauge equivalent to the nonlinear Schrodinger
equation (NLSE)
iqt + qxx + 2|q|
2q = 0. (2)
The HFE describes the nonlinear dynamics of 1-layer ferromagnets [18]-[22].
At the same, it is well-known that ferromagnets have the multilayer nature.
To describe such multilayer ferromagnets we need some type multilayer gener-
alizations of the HFE (1) [23]. This is the first and main physical motivation
of this paper. On the other hand, there are a lot of multicomponent gener-
alizations of known integrable systems. For example, the NLSE (2) admits
the following integrable 2-component generalization
iq1t + q1xx + 2(|q1|
2 + |q2|
2)q1 = 0, (3)
iq2t + q2xx + 2(|q1|
2 + |q2|
2)q2 = 0, (4)
which is known as the Manakov system. Such type integrable generaliza-
tions of soliton equations dictates also needs to construct integrable and
nonintegrable multilayer extensions of the HFE (1). It is the second (may
be mathematical) motivation for our study of multilayer generalizations of
the HFE (1). Note that the one of 2-layer spin systems was constructed in
[24]-[27] and reads as
At = A ∧Axx + u1Ax + v1H1 ∧A, (5)
Bt = B ∧Bxx + u2Bx + v2H2 ∧B, (6)
whereB = (B1, B2, B3) is the second spin vector and uj, vj are some real func-
tions of Aj, Bj . This set of equations (which known as the 2-layer Myrzakulov
-LIII (M-LIII) equation) is the gauge and geometrical equivalent counterpart
of the Manakov system (3)-(4) and hence is integrable.
The outline of the present paper is organized as follows. In section 2, we
present the 2-layer M-IV equation. Also the relation between the motion of
space curves and the 2-layer M-IV equation is established. Then using this
relation we found that the Lakshmanan (geometrical) equivalent counterpart
of the M-LXXIII equation is the well-known 2-component KdV equation.
Section 3 is devoted to the integrable aspects of the considered systems. The
gauge equivalence between the 2-layer M-IV equation and the 2-component
KdV equation is established in Section 4. Some briefly information for the
surface induced by the SU(3) Γ - spin system is presented in Section 5. The
paper is concluded by some comments in Section 6.
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2 Integrable 2-layer spin system
In this paper, we consider the following 2-layer spin system called the 2-layer
Myrzakulov-IV (M-IV) equation
At = Axxx + u1Ax + v1A, (7)
Bt = Bxxx + u2Bx + v2B, (8)
where A = (A1, A2, A3), B = (B1, B2, B3) are unit spin vectors (A
2 =
B2 = 1) and
u1 = A
2
x + 3(
√
A2x +
√
B2x), v1 =
3
2
(A2x)x, (9)
u2 = B
2
x + 3(
√
A2x +
√
B2x), v2 =
3
2
(B2x)x. (10)
We will study this set of equations from the different point of views. We
start from the construction the relation between the 2-layer M-IV equation
(7)-(8) and differential geometry of curves. Consider two interacting space
curves in R4 space. With each curves is related two set of unit vectors
ej and lj, respectively. They satisfy the Frenet - Serret equations. Before
going further, here it is appropriate to make a few comments that is here
some algebraic comments in order. In the level of Lie algebras we have that
algebra so(4) matrices are just antisymmetric matrices 4 × 4. It turns out
that the six-dimensional space of such 4 × 4 matrices decomposes into two
three-dimensional subspaces that are each closed under taking commutators
and each of them satisfies precisely the commutation relations of so(3). So
here we use just the well-known algebraic relation so(4) = so(3) × so(3)
and/or for space R4 = R3 ×R3.
It is well-known that between some integrable (soliton) equations take
place the so-called geometrical (Lakshmanan) equivalence. In this section,
our aim is to find the Lakshmanan equivalent counterpart of the equation
(7)-(8). To do that, let us return to the interacting two 3-dimensional curves
in R4. The motion of these curves is given by the following equations

 e1e2
e3


x
= C1

 e1e2
e3

 ,

 e1e2
e3


t
= G1

 e1e2
e3

 , (11)

 l1l2
l3


x
= C2

 l1l2
l3

 ,

 l1l2
l3


t
= G2

 l1l2
l3

 . (12)
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Here ej and lj are the unit tangent (j = 1), normal (j = 2) and binormal
(j = 3) vectors to the curves, x is its common arclength parametrising the
curves. The matrices Cj and Gj have the forms
C1 =

 0 κ1 0−κ1 0 τ
0 −τ 0

 , G1 =

 0 ω3 −ω2−ω3 0 ω1
ω2 −ω1 0

 , (13)
C2 =

 0 κ2 0−κ2 0 τ2
0 −τ2 0

 , G2 =

 0 θ3 −θ2−θ3 0 θ1
θ2 −θ1 0

 . (14)
Curvatures and torsions of curves are given by the following formulas
κ1 =
√
e2
1x, τ1 =
e1 · (e1x ∧ e1xx)
e2
1x
, (15)
κ2 =
√
l2
1x, τ2 =
l1 · (l1x ∧ l1xx)
l2
1x
. (16)
The compatibility condition of the equations (11)-(12) reads as
C1t −G1x + [C1, G1] = 0, (17)
C2t −G2x + [C2, G2] = 0 (18)
or in elements
κ1t = ω3x + τ1ω2, (19)
τ1t = ω1x − κ1ω2, (20)
ω2x = τω3 − κω1, (21)
κ2t = θ3x + τ1θ2, (22)
τ2t = θ1x − κ1θ2, (23)
θ2x = τ2θ3 − κθ1. (24)
Now we do the following identifications:
A ≡ e1, B ≡ l1. (25)
Then we have
κ2
1
= A2x, τ1 =
A · (Ax ∧Axx)
A2x
, (26)
κ2
2
= B2x, τ2 =
B · (Bx ∧Bxx)
B2x
. (27)
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Now we want to simplify the problem. Namely we assume that
τ1 = τ2 = 0. (28)
This means we consider two plane curves without torsions. In this case we
have
ω2 = ω1 = θ1 = θ3 = 0. (29)
At the same time from (19)-(24) we get
κ1t = ω3x, κ2t = θ3x. (30)
These results give us
ω3 = −κ1xx − 3(κ1 + κ2)κ1, (31)
θ3 = −κ2xx − 3(κ1 + κ2)κ2. (32)
Finally we obtain the following set of equations
κ1t + κ1xxx + 3[(κ1 + κ2)κ1]x = 0, (33)
κ2t + κ2xxx + 3[(κ1 + κ2)κ2]x = 0. (34)
It is the desired set of equations and which is the Lakshmanan or geometrical
equivalent counterpart of the 2-layer M-IV equation (7)-(8). Integrability
properties of the obtained set (33)-(34) and the 2-layer M-IV equation (7)-
(8) we will consider in the next sections.
3 Integrability of the 2-layer M-IV equation
Our aim in this section is to study integrability aspects of the M-IV equation
(7)-(8). To this end, let us consider the Lax representation of the form
Ψx = UΨ, (35)
Ψt = VΨ, (36)
where
U = −iλΣ +Q, (37)
V = −4iλ3Σ + 4λ2Q+ 2iλF1 + F0. (38)
Here
Σ =

1 0 00 −1 0
0 0 −1

 , Q =

 0 q1 q2r1 0 0
r2 0 0

 , (39)
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F1 =

 −v q1x q2x−r1x r1q1 r1q2
−r2x r2q1 r2q2

 , F0 = −Qxx − 2vΣQ− F02, (40)
where v = r1q1 + r2q2 and
F02 =

(r1xq1 − r1q1x) + (r2xq2 − r2q2x) 0 00 r1q1x − r1xq1 r1q2x − r1xq2
0 r2q1x − r2xq1 r2q2x − r2xq2

 .(41)
The compatibility condition
Ut − Vx + [U, V ] = 0 (42)
gives the following set of equations
q1t + q1xxx − 3r1(q
2
1
)x − 3r2(q1q2)x = 0, (43)
q2t + q2xxx − 3r2(q
2
2
)x − 3r1(q1q2)x = 0, (44)
r1t + r1xxx − 3q1(r
2
1
)x − 3q2(r1r2)x = 0, (45)
r2t + r2xxx − 3q2(r
2
2
)x − 3q1(r1r2)x = 0. (46)
It can be considered as the 2-component modified Korteweg-de Vries (KdV)
equation. We now present some reductions of the equations (43)-(46).
i) Let r1 = r2 = −1. In this case the set of equations (43)-(46) takes the
form
q1t + q1xxx + 3[(q1 + q2)q1]x = 0, (47)
q2t + q2xxx + 3[(q1 + q2)q2]x = 0. (48)
It is the 2-component KdV equation, which is integrable as the exact reduc-
tion of the integrable set of equations (43)-(46).
ii) Now we consider the case r1 = σ1q1, r2 = σ2q2, where σj = ±1. For
this reduction, the set (43)-(46) converted to the following set of equations
q1t + q1xxx − 6σ1q
2
1
q1x − 3σ2q2(q1q2)x = 0, (49)
q2t + q2xxx − 6σ2q
2
2
q2x − 3σ1q1(q1q2)x = 0. (50)
It is nothing but the integrable 2-component mKdV equation.
iii) Our third example is the following reduction: r1 = σ1q¯1, r2 = σ2q¯2.
In this case we have
q1t + q1xxx − 6σ1q¯1(q
2
1
)x − 3σ2q¯2(q1q2)x = 0, (51)
q2t + q2xxx − 6σ2q¯2(q
2
2
)x − 3σ1q¯1(q1q2)x = 0, (52)
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which is the well-known 2-component complex mKdV equation.
iv) Our last example is following: r1 = σ1q1, r2 = σ2q¯2, where we assume
that q1 is real function and q2 is complex function. Then the equations (43)-
(46) take the form
q1t + q1xxx − 6σ1q
2
1
q1x − 3σ2q¯2(q1q2)x = 0, (53)
q2t + q2xxx − 3σ2q¯2(q
2
2
)x − 3σ1q1(q1q2)x = 0. (54)
It is some kind integrable set of the mixed mKdV-complex mKdV equations.
From results of this section follows that the equivalent counterpart of the
2-layer M-IV equation (7)-(8) is the 2-component KdV equation (47)-(48)
which has the same form with (33)-(34).
4 Gauge equivalent equation
It is interesting to find the gauge equivalent equation to the set of equations
(7)-(8) that is to the 2-layer M-IV equation. With this aim, let us we consider
the gauge transformation Φ = g−1Ψ, where g = Ψ|λ=0. Then we have
Φx = −iλΓΦ, (55)
Φt = [−4iλ
3Γ + 2λ2ΓΓx + iλ(Γxx +
3
2
ΓΓ2x)]Φ, (56)
where
Γ = g−1Σg =

Γ11 Γ12 Γ13Γ21 Γ22 Γ23
Γ31 Γ32 Γ33

 . (57)
The compatibility condition of the equations (55)-(56) gives
Γt + Γxxx +
3
2
(Γ2xΓ)x = 0. (58)
This equation can be considered as the su(3) form of the 2-layer M-IV equa-
tion (7)-(8). From the definition of the Γ - matrix function follows that
Γx = g
−1[Σ, Q]g (59)
so that
Γ2x = −4

v 0 00 r1q1 r1q2
0 r2q1 r2q2

 . (60)
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Hence we obtain
tr(Γ2x) = −8v. (61)
It is the Hamiltonian of the equation (58)
H =
1
2
∫
tr(Γ2x). (62)
Note that from (62) we can get the Hamiltonian of the 2-layer M-IV equation
(7)-(8) with the suitable reduction.
5 Integrable surface
Lastly let us briefly construct an integrable surface related with the equation
(58). We assume the following identification
Γ ≡ Rx. (63)
Then from (58) we have
Rt +Rxxx +
3
2
R2xxRx = 0. (64)
Now we can define the first fundamental form of the surface as
I = tr(R2t )dt
2 + 2tr(RtRx)dxdt+ tr(R
2
x)dx
2. (65)
Similarly we can construct the second fundamental form. These two forms
allow us to construct the surface induced by the spin system (58) and which
is integrable naturally.
6 Conclusions
In this paper, we have established the relation between the 2-layer M-IV equa-
tion (7)-(8) and the 2-component KdV equation (47)-(48). We have shown
that the 2-layer M-IV equation (7)-(8) and the 2-component KdV equation
(47)-(48) is the geometrically equivalent each to other. Also the gauge equiv-
alence between these equations is proved. Our results are significant for the
deep understand of integrable spin systems and their relations with differen-
tial geometry of curves and surfaces in multilayer and multicomponent case.
Note that the 2-component KdV equation and the 2-component mKdV equa-
tion as well as the set of equations (43)-(46) can be viewed as one of members
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of the Manakov system hierarchy (3)-(4). Finally we note that there are some
integrable 2-layer spin systems (that is generalized HFE) in 2+1 dimensions.
In particular, in [28] was constructed the 2-layer Myrzakulov-I (M-I) equation
of the form
At = A ∧Axy + u1Ax + v1H1 ∧A+ F1, (66)
Bt = B ∧Bxy + u2Bx + v2H2 ∧B+ F2, (67)
u1x = −A · (Ax ∧Ay), (68)
u2x = −B · (Bx ∧By), (69)
where Fj are some vector functions [28]-[29]. In fact, it is the integrable
2-layer M-I equation. It is well-known that the M-I equation is one of in-
tegrable (2+1)-dimensional generalizations of the HFE (1). The other im-
portant example integrable (2+1)-dimensional spin systems is the famous
Ishimori equation. Its integrable 2-layer generalization was presented in [29]
and reads as
At = A ∧ (Axx +Ayy) + u1yAx + u1xAy + v1H1 ∧A+ F1, (70)
Bt = B ∧ (Bxx +Byy) + u2yBx + u2xBy + v2H2 ∧B+ F2, (71)
u1xx − α
2u1yy = −2α
2A · (Ax ∧Ay), (72)
u2xx − α
2u2yy = −2α
2B · (Bx ∧By). (73)
At last we note that the construction of integrable class of two and (in gen-
eral) n interacting curves and surfaces is one of actual problems of modern
differential geometry of curves and surfaces. Our work in this direction in
progress.
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